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Abstract-h the ion-transfer kinetic model at the immiscible liquid/liquid interface presented here, the 
transfer of an ion is controlled by an activation energy and velocity of the ion in the viscous interface. 
The model was enlightened by the insufficient agreement of the potential dependence of the experimental 
transfer coefficient with the Butler equation and by a loss of a reasonable physical meaning in the activa- 
tionless kinetic theory based on the Nernst-Planck equation. The velocity of the large spherical ion in 
this model was driven by the desolvation energy, the energy of overcoming the interfacial tension between 
the two liquids, the electrostatic energy in the double layer, and the thermal fluctuation. It is retarded by 
the viscous force, as expressed by the Langevin equation. The activation energy resulted from the first 
three. energies. The kinetic equation was derived from the expressions for the velocity and the activation 
energy through the Boltzmann’s distribution equation. it could elucidate both properties of the activation 
control and of the viscous control. The equilibrium condition did not lead to the Nernst equation 
because the frictional energy should be compensated with the potential difference between the two 
phases. The logarithmic forward rate constant was approximately linear with the potential difference. 
However, the theory could not explain quantitatively the non-linearity observed experimentally for small 
non-spherical anions. Copyright c 1996 Elsevier Science Ltd 
Key words: ion transfer kinetics, immiscible liquid/liquid interface. Langevin equation, activation energy 
by desolvation. 
INTRODUCTION 
Ion transfer across an immiscible solution interface 
is detected as a flow of the ion or a current driven by 
applied potential[ 1, 23. The current-potential rela- 
tion characterizes the kinetics of the ion-transfer. It 
has been elucidated by combination[3-83 of the 
interfacial ionic equilibrium or the interfacial kinetics 
with mass transport, as has been done in the analysis 
of the convectional solution / electrode interface. A 
typical kinetic equation is the Butler-Volmer 
relationship[9], of which rate-determining step is to 
overcome an activation energy hill, as comprehended 
by the absolute rate theory. Several experimental 
data have supported the concept of the interfacial 
activation energy[lO-161. However, a question has 
been proposed on the dependence of the transfer 
coefficient on the electrode potential[17-191. The 
Butler-Volmer equation should be corrected for a 
detailed kinetic analysis or a new kinetic theory is 
expected to be developed. 
A model opposing the Butler-Volmer equation is 
a rate-determining step of a frictional force in a 
highly viscous interfacial domain, called Goldman- 
type theory[18, 203. Since this model is based on the 
Nernst-Planck equation[21] with a linear potential 
variation in the double layer, the potential energy 
level across the interface varies monotonically 
without any hill. The model predicts[18] that the 
charge transfer coefficient varies non-linearly with 
the electrode potential and that the coefficient is 
strictly l/2 at the standard electrode potential. These 
predictions explain success fully the experimental 
results[18-20, 223. The other conclusion of the 
theory is linear dependence of the forward rate on 
the potential difference when the two phases are far 
from the equilibrium. The dependence is essentially 
the same as Ohm’s law. This is, however, inconsis- 
tent with the ordinary kinetic rule that reaction rates 
vary exponentially with an external energy. 
In brief, there are two kinetic models, one being 
the activated Butler-Volmer type and the other 
being the transport type. Since both models are dif- 
ferent in the rate-determining steps, they are basi- 
cally incompatible. It is expected that exploration of 
a feature common to both models yields a new com- 
patible model. The frictional force alters a momen- 
tum of the ion whereas the activation energy is 
relevant to the electric potential energy. The concept 
of the frictional force is not alternative to or not 
inconsistent with that of the activation energy. 
Indeed, it is possible to consider the viscous inter- 
facial domain that has a high activation energy hill. 
The relation between the momentum and the friction 
can be described by the Langevin equation[23] in 
the light of the thermal fluctuation which contributes 
to overcoming the activation energy hill. This paper 
is devoted to the derivation of the ion-transfer 
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kinetic equation at the viscous liquid/liquid interface 
by combining the Langevin equation with the kinetic 
equation based on the Boltzmann’s statistics in order 
to coordinate the Goldman-type rate theory with the 
Butler-Volmer equation. 
MODEL AND FORMULATION 
We formulate the ion-transfer kinetic equation of 
the Butler-Volmer type at the immiscible liquid/ 
liquid interface from a statistical mechanical view- 
point. Let H be the x-component of the Hamiltonian 
of the transferring ion, where x is the directional 
coordinate from phase 1 (water) toward phase 2 (oil). 
Then the probability of taking a state of H is pro- 
portional to exp(- H/k, T), where kB is the Boltz- 
mann constant. We define the interfacial activation 
energy U,, as a barrier of prohibiting the ion-transfer 
for H c UA and as a free pass for H > U,. When 
the ion transverses the interface at velocity u, the 
restriction of H by U, can be realized by setting u to 
zero for H < U, and by taking no limitation for 
H > U,. Although the velocity depends on x within 
the thickness w of the interface, it is the average 
velocity that can be observed. Then the expectation 
of the velocity is the average over U and x, given by 
=[J:I;dxexp($)dU 
x w[exp(g)dU 
If H includes no kinetic energy or is equivalent to 
the potential energy U and if u is independent of U, 
the integration simplifies to 
k = v exp 
The energy of ions generally consists of an electric 
contribution and a non-electric contribution as in 
the solvation energy under the equilibrium 
conditionC24, 251. This may also be the case for the 
activation energy, as will be described in the follow- 
ing second paragraph. The electric term is a product 
of the charge of the ion ze (z = the charge number) 
by the electric potential (6. Difference in the potential 
of phase 1, dr, and of phase 2, &, occurs only in the 
interfacial domain. Separation of the liquid/liquid 
interface into the inner layer and the diffuse double 
layer is ambiguous. However, it is reasonable to con- 
sider that a layer with the highest electric field con- 
trols the transfer rate. It is assumed that 4 within the 
interface varies linearly with x, according to the 
Goldman equation[26]. This may correspond to 
neglecting the electric field in the diffuse double 
layer. Since the potential gradient depends on dielec- 
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Fig. 1. The predicted profile of the electric potential at the 
interface. 
tric properties of solvents 1 and 2, it does not parti- 
tion equivalently to the two phases. Let the 
weighting factor be a, as shown in Fig. 1. Then the 





for 0 < x < w/2 (3) 
U,+ = 
1 
2x($9 - 41) 5 + (1 - aW1 + a& 
1 
ze 
for -w/2<x<O (4) 
Contributions to the activation energy are #,=0 - 
& and +x=o - & 9 
U,,_ = -(l - a)ze(62 - dr) for 0 < x < w/2 (5) 
U Ae+ = aze(+z - dl) for -w/2 < x < 0 (6) 
On the other hand, the non-electric contributions 
considered here are a change in the solvation energy 
U, of transferring ion and a change in the energy U, 
of making a pore of the ion-size against the inter- 
facial tension between the two phases. Since they are 
short-range interactions, they may be proportional 
to the surface area of the ion. It is assumed that the 
ion is a sphere with the radius a and is larger than 
solvent molecules. When the centre of the ion is at 
position x as depicted in Fig. 2, the surface area of 
the sphere invading in phase 2 is expressed by 
S2 = 
s 
‘2na sin e de = 2sa2 
( > 
1 + z (7) 
0 
Similarly, the surface area invading in phase 1 is 
s, = 27ra2( 1 - x/a). 
The transfer brings about replacement of the sol- 
vents. The replacement begins at temporal desolva- 
tion and then resolvation by the other solvents, as 
illustrated in Fig. 2 (lower part). Then a condition 
around the transferring ion varies gradually with x. 
This concept is similar to the gradual variation of 
solvation energy in a mixed solvent region[6]. This 
may be equivalent to the continuous variation of the 
interfacial composition which has been predicted 
from the molecular dynamics[27]. Let the energy 
density of the solvation by solvent i(i = 1, 2) be tli 
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Fig. 2. The profile of the solvation energy, and illustration 
(lower part) of the solvation and the desolvation. 
and let the energy density when both solvents are 
simultaneously removed be u,, (see Fig. 2). The sig- 
nificance of the energy density has been demon- 
strated by the linearity of the solvation energies with 
surface areas of various ions[25]. For the forward 
transfer or the positive movement from -a, the rate- 
determining step is to remove solvent 1 to reach the 
intermediate state in which the ion shares solvents 1 
and 2 at a common solvation site. Then the activa- 
tion profile for the forward transfer is expressed by 
u*+ = (u* - u,)S, = 2aaZ(l + x/a)& - u,) 
for -a<x<O (8) 
Similarly, the ion experiences the energy hill for the 
negative transfer, given by 
u,_ = (uO - u,)S, = 2&l - x/a)@, - UJ 
for 0 < x < a (9) 
When the ion is about to make a pore into the 
interface at x, it has to overcome the interfacial 
energy corresponding to the area of the pore, as 
shown in Fig. 3. Significance of the energy of the 
Fig. 3. The profile of the interfacial energy due to the 
surface tension. 
pore formation has been introduced by Cunnane et 
al.[28]. Letting the surface energy or the surface 
tension between the two phases be y, we obtain the 
symmetric energy profile: 
U, = rc(a sin 8)2y = na2y(l - x2/a’) (10) 
The sum of equations (4), (8) and (IO) gives the 
energy profile for the forward transfer: 
U, = 
1 
2x(+,-+,)%+(1 -a)$, +c+, 
1 
ze 
+ 2na2 1 + If 
( > a 
x (u. - UJ + 7&y 
X2 
( > 
1 - - 
a2 
(11) 
and the maximum of U + - ze41 is the activation 
energy : 
u A+ = aze(d* - 4,) + 27&(u, - f-4,) + rra’y (12) 
In contrast, the sum of equations (3), (9) and (10) is 
the activation energy for the backward transfer: 
u- = 
i 





1 - r 
a 
x (ug - u2) + 7&y 
X2 
( > 
1 - 2 
and the maximum of U _ - ze+z is 
(13) 
U,_ = -(l - r)ze(& - $J~) + 27mZ(u, - u2) + 7ra2y 
(14) 
The microscopic velocity of ions varies generally 
with thermal fluctuations, viscous force of the 
solvent and external forces such as the electric force 
and interfacial forces. The relation between the 
velocity and these forces can be expressed by the 
Langevin equation[23] or the Newton’s law of 
motion associated with a random force. The Lange- 
vin equation has been applied to the formulation of 
ion current[29], in which the potential barrier is 
smoothed by the fluctuation. When an ion with mass 
m runs at u in a medium with viscous friction 5 
subject to both the random force g and the external 
steady forcefat x, the Langevin equation is given by 
m T + m&J(t) =f(x) + g(t) (15) 
Here 5 has a unit s-l and is related with the coefti- 
cient of viscosity q (its SI unit being kg m-’ s- ‘)[30] 
through ml = 6naq for the spherical ion. Since 5 is a 
macroscopic value, it should be taken as an average 
value in both phases. The solution of equation (15) 
under the initial condition v = u0 is expressed by[31] 
u(f) = u0 exp( - {t) 
+ i O’expl- T(t - 41(.0x) + &4Idu 
s 
(16) 
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Since f is independent of the time, equation (16) is 
reduced to 
v(t) = 5 + 
( > 
vg - $ exp( - @) + OF (17) 
where 
vF = i 
s 
dg(u) exp[ - <(t - u)] du (18) 
Since g(t) is an assembly of randomly generated 
impulse functions with various positive or negative 
heights, vF represents the fluctuating velocity. Only 
the positive component in VF contributes to the 
forward transfer. We regard the time-average of the 
square root of the square-mean of vF as the positive 
component. The derivation of the average is 
described in the Appendix because of a mathematical 
subject. Then the average is expressed by 
i$=y 1 +-$-[exp(-*&)--I] 
i 1 
(19) 
The observed current is a transfer rate averaged over 
the time which is much longer than a fluctuating 
period. Thus it is possible to take t to be infinity. 
From equations (17) and (19), we have the expression 
for the average velocity: 




The forward transfer is accelerated by the force. 
f = -iXJ+/dx. From equations (11) and (20), the 
forward rate is given by 
J k, T ;+= - m 
+ - zlra(u, - UJ + 2nyx - Zaze(& - &)/w 
mr 
(21) 
The velocity averaged over w, which is represented 
by the integral with respect to x in equation (l), is 
given by 
k, T a= - 
J- m 
+ -2na(u, - u1 + y/2) + 2u[k, Tfw 
mC 
(22) 
where c is the dimensionless potential, defined by 
i = zF(& - 42) 
RT 
(23) 
Since the force acting in the negative direction is f = 
-Xl -/a( -x), the average backward rate is 
expressed by 
2na(u, - u2 + y/2) + 2( 1 - a)[k, T/w - 
ml 
(24) 
Equations (22) and (24) are independent of U, and 
hence equation (2) is valid. Then combination of 
equations (2), (12) and (14) yields 
z= aexp 4 _ i&43 - d + YbQ2 
k, T 1 
(25) 
X=i?exp(a--l)<- c 
Mkl - 112) + +a2 , _ 1 (26) 
L K~ 1 -I 
Equations (22), (24)-(26) provide explicit forms of the 
transfer rates as a function of microscopic properties 
of tht ion and the interface. 
DISCUSSION 
A net current is expressed by 
j = zF(&, - Xc,) (27) 
where ci is the concentration of the ion in phase i 
(i = 1, 2) without mass transport. Letting concentra- 
tions under the equilibrium (j = 0) be CT and c:, 
equations (25)-(27) are reduced to 
ii c; i& 
x=,:- -~exK.,+u~-u2) 
eq 
1 + p{2ar,, - w4@, - 01 + 41 
= 1 + p{2(0: - l)C,, - (w/aXa, - (72 + 4) 
x ew(i,, + u1 - u2) (28) 
where 
J P=$ (29) 
2na% 
gi = 2 
k,T 
for i = 0, 1, 2 (30) 
aa2y 
K=kg (31) 
The term of exp(u, - u2) represents the difference in 
the solvation energies under the equilibrium. Thus 
the equilibrium potential shifts by 2za2(u2 
- u,)/ze[25]. Equation (28) deviates from the Nernst 
equation for any value of [,, owing to i? # 5 or the 
differences in the electric force and solvation force of 
the two phases. 
A question may arise as to why the equilibrium 
condition involves kinetic variables a and {. When 
the ion is accelerated or decelerated through the 
electric and the interfacial forces, it generates or con- 
sumes friction heats. The heat should be compen- 
sated thermodynamically with the electric potential 
and the entropy due to the concentration ratio. The 
compensating variable is p. Since p2 = kB T/(m . t2w 
. w), it is the ratio of the thermal fluctuation energy 
to the frictional energy through the path w. An ideal 
interface is just a transmitter of substances, heat and 
energy without any change in itself. In this meaning, 
the present interface is not an ideal interface but may 
be regarded as a thin phase which alters thermo- 
dynamic variables. In other words, the equilibrium 
condition shown by equation (28) does not represent 
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an equilibrium between the two phases but the equi- 
librium among the three phases without heat 
balance. 
For small values of p, the log-plot is approx- 
imately expressed by 
Since p > 0, the inverse slope [RT/zF(l + 2p)] is 
always smaller than 59.6/z mV at 25°C. It is assumed 
that the potential gradient occurs in the mono- 
molecular bi-layer which sandwiches an imaginary 
sharp interface. For solvent molecules 0.1 nm in 
common diameter in both phases, we have 
w =0.2nm. When n= 10v3Pas, a=O.lnm and 
m = 0.1 kgmol- ‘, the value of 2p is 0.15, indicating a 
detectable value. 
We define the potential independent rate as 
k0 = 
J-L 
y exp - & (2u, - U, + IQ) 1 (33) B 




By the use of y = 0.025 Jm-* for the water/ 
nitrobenzene interface in equation (21) we find that 
the term of the interfacial tension (nya/m<) is only 
3% of ,/m. Thus ~-can be neglected. Figure 4 
shows variations of ln(k/k,) with 4’ for some com- 
binations of co and p, indicating almost linear 
dependence. The slope increases slightly with an 
increase in o1 - co, o2 - co and p. Thus GI evaluated 
from the Butler-Volmer equations is larger than the 
Fig. 4. Variation in In c/k0 with c calculated from equation 
(34) for (A) p = 0 (Butler-Volmer equation), (B) (I,, = 4, 
p = 0.02, and (C) o,, = 8, p = 0.02 when e, = 0s = 0, 
u = 0.5 and K = 0. Curve (D) is the Goldman-type equation 
by Kakiuchi. The plots of the inset are for SCN- (0) 
BF; (O), CIOF; (A) and PF; (O), cited from Fig. 3[20]. 





(g1 - 02) k = c$(l + 2~) + 2 - PbO - a1)w 
0 a 
(35) 
The linear variation of In k’ with [ is obvious. The 
degree of the overestimation of CL by the Butler- 
Volmer equation is at most 2~. However, experimen- 
tal values for some anions show concave variations 
(see the inset of Fig. 4). The deviation from the line is 
likely to be found for small (BF;) and non-spherical 
(SCN-) ions. Since a non-spherical ion has a dipole 
moment, it may be oriented by the strong electric 
field at the interface. Then the effective radius of the 
ion normal to x is less than the hydrodynamic radius 
a. Equations (3_3) and (35) predict that the decrease 
in a increases k. Nevertheless, the forced orientation 
may distort the arrangement of solvent molecules 
which might occur at a spherical ion and hence 
enhance!, at the cost of the decreases in a. Conse- 
quently, k may decrease at the high overpotential. 
The Goldman-type kinetic equation by 
Kakiuchi[ 181 is given by 
(36) 
Comparison of equation (36) with (35) shows the 
correspondence k, *--) D/Ax and (1 + 2p)a ++ l/2. In 
the absence of the activation energy (u, = u. and 
u2 = u,), equation (33) shows that k, = J’- = 
,/w = (I?),= ,/fi- D/Ax. This indicates 
that the thermal fluctuation causes the diffusion 
through the viscous layer Ax thick. In spite of the 
reas_onable correspondence at [ = 0, the curve of 
ln (k)oi,, vs. [ is different from curves of equation 
(35) as shown in Fig. 4. 
We define the exchange current density as 






ai,, + - 
2 1 
=zFk, 2(1 -a)[,,+ 




(a - l)[,, + v 1 (37) 
Then the current-potential curves are expressed by 
f= 1 + p{2ai + (a, - uo - K)W/cI) 
j, 1 + P{2c& + (a, - 00 - +‘/a) 
x expCa(i - 1.J 2 
1 + p{2(a - l)i + (u2 - 00 - K)w/a} - 
1 + d2(a - lK, + (~72 - 00 - K)w/al 
x expC(a - MI - LJI $ (38) 
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Fig. 5. Current-potential curves without concentration 
polarization computed from equation (38) for (A) p = 0 
(Butler-Volmer equation), (B) p = 0.04 when u,, = 8, o, = 
Ql = 4 i,, = 0 and a = 0.5. Curve (C) is the Goldman type 
equation by Kakiuchi. 
Figure 5 shows current-potential curves without 
concentration polarization. The current is larger 
than the current of the Butler-Volmer equation by 
ca. factor 1 + 2p. It differs from the Kakiuchi’s 
theory by 7% and 18%, respectively for I</[,, 1 = 1 
(26 mV at 25°C) and 2. 
We now consider the relation between the present 
theory and Butler-Volmer’s kinetics or now 
Kakiuchi’s theory. When the frictional energy is 
much larger than the fluctuation energy (p -+ 0), the 
interfacial force and the electric force do not alter the 
velocity of the ion. Then the velocity retains in the 
bulk, and equation (38) becomes the Butler-Volmer 
equation. In order to cause the ion-transfer, the elec- 
tric activation energy should overcome the non- 
electric activation. Conversely, as the frictional 
energy or p gets smaller, the interfacial forces facili- 
tates the ion-transfer. When p is so large that the 
activation energy may be neglected, equation 
reduced to 
i/h + 
2ai + (u, - crJw/a cl 
2al;,, + (a, - o,)w/a C: 
2(a - 1)i + (u2 - a,)w/a c2 
- 2(a - l)i,, + (u2 - u,)w/a C: 
The current-potential curve is linear with [. Espe- 
cially for a = 0.5 and crl = u2, j/j0 is linear to [ with 
a slope of c&T - cZ/c:. This is consistent with 
Kakiuchi’s theory. 
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APPENDIX 
1 ft 
fi; = - 
Jf rm2 0 0 
[t - min(u, x)]2m&, T6(u - x) 
The time-average of the square mean of ur is 
x exp[ - <(u + x)] du dx 
evaluated in this appendix. It is defined by, 2rk, T ’ =- (t - x) exp( - 25x) dx (43) 
1 ’ 
fig = - 
s 
j tm o 
t 0 
I+(Z)’ dz 
(40) The integration leads to equation (19). 
Inserting equation (18) into equation (40) and chang- 
ing the order of the integration by the use of the 
Leipnitz’s relation[32], we have 
g(z - u) exp( - &I) du 
g(z - x) exp( -5x) dx dz 
x exp[ - <(u + x)] dz du dx (41) 
